Abstract. We introduce the notion of the algebraic overshear density property which implies both the algebraic notion of flexibility and the holomorphic notion of the density property. We investigate basic consequences of this stronger property, and propose further research directions in this borderland between affine algebraic geometry and elliptic holomorphic geometry.
1. Introduction 1.1. History. Starting with the seminal work of Andersén and Lempert [AL92] on C n , n ≥ 2, the study of complex manifolds with infinitedimensional holomorphic automorphism groups has been an extremely active area in several complex variables. At the same time the study of such highly symmetric objects in affine algebraic geometry has been very active as well. In fact, the study of the algebraic automorphism group of C n has started much earlier than in several complex variables. The starting point of the complex analytic investigations has been motivated by results and questions from the algebraic case. For example Rosay-Rudin asked [RR88, Open Question 6, p. 79] in 1988 whether the group of (volume-preserving) holomorphic automorphisms of C n was generated by shears in coordinate directions, i.e. maps of the form (z 1 , . . . , z n ) → (z 1 , . . . , z n−1 , z n + f (z 1 , . . . , z n−1 )),
where f ∈ O(C n−1 ) is an arbitrary polynomial or holomorphic function of n−1 variables. They can be viewed as time-1 maps of the vector field θ = f (z 1 , . . . , z n−1 ) Overshears in coordinate directions are maps of the form (z 1 , . . . , z n ) → (z 1 , . . . , z n−1 , f (z 1 , . . . , z n−1 ) · z n ),
where f ∈ O * (C n−1 ) is a nowhere vanishing holomorphic function. By simple connectedness of C n−1 the function f is the exponential f = e g of some holomorphic g ∈ O(C n−1 ). Again such an automorphism is the time-1 map of a complete(ly integrable) holomorphic vector field θ = g(z 1 , . . . , z n−1 )z n ∂ ∂zn . The problem in affine algebraic geometry that corresponds to the question of Rosay-Rudin, is the tame generator conjecture, asking whether polynomial maps of the form 1 together with affine automorphisms (the group generated by them is called the tame subgroup) generate the algebraic automorphism group of C n . This is classically known to be true for n = 2, much later it has been shown by Umirbaev and Shestakov [She03] to be wrong for n = 3, and it is still open for n > 3. The notion of tame subgroup which is very much coordinate dependent must be replaced by the group SAut C n , generated by locally nilpotent derivations, for short LNDs. The notion of a locally nilpotent derivation is coordinate-independent and makes sense on any affine algebraic variety, see Definition 2.3. The polynomial shears in Equation ((1)) are examples of LNDs in C n . Understanding the importance of LNDs in affine algebraic geometry, a group of mathematicians introduced the notion of flexibility which proved extremely useful. The main result of their paper [AFK + 13] states the equivalence of the following three properties for an affine-algebraic manifold X:
(1) X is flexible, i.e. the LNDs span the tangent space in each point.
(2) The group SAut(X) acts transitively.
(3) The group SAut(X) acts infinitely transitively, i.e. m-transitive for any m ∈ N. We denote the class of flexible manifolds by FLEX.
Concerning the above-mentioned question of Rosay-Rudin the answer given by Andersén and Lempert is simply no, the group generated by shears and overshears in C n is meagre in the holomorphic automorphism group Aut hol C n (even for n = 2). However the main result in their paper, the first version of the now so-called Andersén-Lempert Theorem, implies that the group generated by shears and overshears in C n is dense in compact-open topology in the holomorphic automorphism group Aut hol C n . The Andersén-Lempert Theorem, which in current form has been proved by Forstnerič and Rosay in [FR93] , led to a number of remarkable geometric constructions in C n . We refer the reader to the textbook of Forstnerič [For17] and to the overview articles of Kaliman-Kutzschebauch [KK11] and Kutzschebauch [Kut14] for an account on this subject. As an interesting example let us just name the existence of proper holomorphic embeddings of ϕ : C k ֒→ C n which are not straightenable, i.e. for no holomorphic automorphism α of C n the image α(ϕ(C k )) is equal to the first k-coordinate plane C k × {0}. This in turn led to the negative solution of the holomorphic linearization problem. One can construct reductive subgroups of Aut hol C n , which are not conjugated to a subgroup of linear transformations (for details see [Der98] ).
The idea behind the Andersén-Lempert Theorem was generalized by Varolin to complex manifolds other than C n [Var01]. He introduced the notion of the density property, see Definition 2.6. This is a precise way of saying that the holomorphic automorphism group of a Stein manifold is large.
Methods from algebraic geometry turned out to be very fruitful in the search for manifolds with density property. Already Varolin had introduced the notion of algebraic density property for an affine algebraic manifold, which implies the density property. However, the algebraic density property is merely a tool for proving the density property, it does for example not imply flexibility since it is not using LNDs. For more details on flexibility see [Kut14] .
Some of the geometric constructions done in C n with the help of the Andersén-Lempert Theorem could be generalized to Stein manifolds with the density property. However there are constructions which still rely on the coordinates in C n . For example the great embedding results of Riemann surfaces into C 2 originating in the Ph.D. thesis of Wold which can be stated briefly as follows: If a bordered Riemann surface admits a non-proper holomorphic embedding into C 2 , then it also has a proper holomorphic embedding into C 2 [FW09] . The geometric idea behind these result is to push the boundary of the bordered Riemann surface to infinity using a sequence of holomorphic automorphisms. To construct those automorphisms, a combination of the Andersén-Lempert Theorem with an explicitly given shear automorphism is used. The method of "precomposition with a shear" goes back to Forstnerič and Buzzard [Buz97] and has been formalized in the notion of nice projection property in [KLW09] . All this research described above is part of a newly emerged area of elliptic holomorphic geometry, which also comprises Oka theory, the theory around the Oka-Grauert-Gromov homotopy principle. Stein manifolds with the density property are elliptic in the sense of Gromov and thus they are Oka manifolds. We refer to the textbook of Forstnerič [For17] for details, see also [Kut14] .
1.2. The new notion. The aim of this paper is to introduce a new notion of largeness of the holomorphic automorphism group of an affine algebriac manifold. We call it algebraic overshear density property. It is stronger than the algebraic density property, in fact it implies both the density property and flexibility in the sense of Arzhantsev et al. [AFK + 13]. We are confident that this is the correct notion to generalize the geometric constructions known for C n using both the "nice projection property" and Andersén-Lempert Theory to an affinealgebraic manifold X. Moreover our notion fits in the modern point of view of affine algebraic geometry concentrating on LNDs and the group SAut X generated by their flows. In addition to the powerful Andersén-Lempert Theorem we have the theory of locally nilpotent derivations, for example the existence of partial quotients [VP89] to our disposal, which hopefully can replace the use of shears in the "precomposition with a shear" trick. The paper grew out of a discussion at the conference Frontiers in Elliptic Holomorphic Geometry held in Jevnaker which brought together researchers from affine algebraic geometry and elliptic holomorphic geometry. The idea to introduce a new notion closing the gap between different versions of flexibility in the two areas is due to Finnur Lárusson to whom we express our sincere gratitude. We also thank him for careful reading a first manuscript and proposing Problem 5.1.
The paper is organized as follows. In section 2 we recall the definitions and define our new property. In the subsequent section we give some geometric consequences of the algebraic overshear density property and a criterion for it. In section 4 we go through the list of affine algebraic manifolds known to have the algebraic density property and explain which of them also have the algebraic overshear density property. This shows that our new property is strictly stronger than the algebraic density property. In the last section we propose some open problems. These mainly concern the geometric constructions which are have been developed in C n but not easily generalize to Stein manifolds with the density property.
Definitions
Definition 2.1. Let X be a complex manifold and let Θ be a Ccomplete holomorphic vector field on
Lemma 2.2. Let X be a complex manifold and let Θ be a C-complete holomorphic vector field on X. Then the shears and overshears of Θ are also C-complete holomorphic vector fields on X.
Proof. See Varolin [Var99] for an abstract proof or see Andrist and Kutzschebauch [AK18] for an explicit formula of the flow maps.
there exists a number n ∈ N such that D n (f ) = 0. We denote set of algebraic shear vector fields of X by LND(X). These are precisely the LNDs on X.
Definition 2.4. Let X be a complex-affine manifold.
(1) The set of holomorphic shear vector fields of X consist of all holomorphic vector fields that are holomorphic shears of vector fields in LND(X). (2) The set of algebraic overshear vector fields of X consist of all algebraic vector fields that are algebraic overshears of vector fields in LND(X). (3) The set of holomorphic overshear vector fields of X consist of all holomorphic vector fields that are holomorphic overshears of vector fields in LND(X).
Definition 2.5. Let X be a complex-affine manifold. We say that X enjoys the algebraic overshear density property if the Lie algebra generated by the algebraic overshear vector fields coincides with the Lie algebra of all algebraic vector fields. We denote the class of these manifolds by AOSD.
As a comparison, we give also the original definition of the (algebraic) density property introduced by Varolin [Var01] .
Definition 2.6.
(1) Let X be a complex-affine manifold. We say that X enjoys the algebraic density property if the Lie algebra generated by the complete algebraic vector fields coincides with the Lie algebra of all algebraic vector fields. (2) Let X be a complex manifold. We say that X enjoys the density property if the Lie algebra generated by the complete holomorphic vector fields is dense (w.r.t. the topology of locally uniform convergence) in the Lie algebra of all holomorphic vector fields.
Geometric consequences and a criterion
Proposition 3.1. Let X be an complex-affine manifold. If X has the algebraic overshear density property, then it is flexible in the sense of Arzhansev et al.
Proof. Let x 0 ∈ X be a point. We will now find finitely many LNDs on X that span the tangent space in x 0 . Since X is affine, we can span the tangent space in x 0 by finitely many algebraic vector fields Θ 1 , . . . , Θ n where n = dim X.
The algebraic overshear density property implies that for each j = 1, . . . , n there exist finitely many LNDs Θ j,1 , . . . , Θ j,m(j) and regular functions f j,1 ∈ ker Θ 2 j,1 , . . . , f j,m(j) ∈ Θ 2 j,m(j) such that each Θ j is a Lie combination of f j,k · Θ j,k where k = 1, . . . , m(j).
We make the following observation: Let f ·Θ resp. f · Θ be overshears of LNDs Θ resp. Θ. Then we obtain for their Lie bracket:
Hence we see that each vector Θ j |x 0 is a complex linear combination of the LNDs Θ j,k and their Lie brackets, evaluated in x 0 . Moreover, a Lie bracket of two LNDs Θ and Θ can be expressed using the flow map ϕ t of Θ:
Since Θ is an LND, its flow ϕ t is algebraic, and we can approximate Θ, Θ arbitrarily well by the sum of two LNDs. Applying these arguments inductively, we see that each vector Θ j |x 0 can be approximated arbitrarily well by a complex linear combination of LNDs. Since spanning the tangent space is an open condition, we conclude that finitely many LNDs span the tangent spaces in an open neighborhood of x 0 .
The set where these LNDs do not span the tangent spaces, must be an algebraic subvariety, hence we obtain the desired conclusion by a standard argument.
We will need the following notion of a compatible pair which was introduced by Kaliman and Kutzschebauch [KK08]:
Definition 3.2. Let X be an affine-algebraic manifold X. A compatible pair of LNDs are Θ, Ξ ∈ LND(X) such that (1) ∃ h ∈ ker Θ 2 ∩ ker Ξ (2) span C {ker Θ · ker Ξ} contains a non-trivial O alg (X)-ideal Proposition 3.3. Let X be an affine-algebraic manifold that is flexible in the sense of Arzhansev et al. [AFK + 13] and a admits a compatible pair of LNDs. Then X has the algebraic overshear density property.
Proof. The proof follows the lines of proof of Theorems 1 and 2 from [KK08]. The compatible pair creates a submodule of the algebraic vector fields which is contained in the Lie algebra generated by algebraic overshear vector fields. Then transitivity of SAut(X) follows from flexibility and the transitivity on a tangent space is also an easy consequence of flexibility. In fact in [AFK + 13] (Theorem 4.14. and Remark 4.16) even more is proven is proven, namely that any element in SL(T p X) is contained in the isotropy group at a point p of SAut(X). Since pull-back of an LND by an algebraic automorphism is again an LND, above reasoning shows that the Lie algebra generated by algebraic overshear vector fields is equal to the Lie algebra of all algebraic vector fields on X.
Theorem 3.4. Let X be a complex-affine manifold with the algebraic overshear density property. Then the group generated by flows of algebraic overshear vector fields is dense in the identity component Aut 1 (X) in compact-open topology.
Proof. This is a direct application of the Andersén-Lempert Theorem [AL92, FR93, FR94, Var01].
Theorem 3.5. Let X be a complex-affine surface with the algebraic overshear density property and let Y be a complex manifold. If the holomorphic endomorphisms of X and the holomorphic endormophisms of Y are isomorphic as semi-groups, then X and Y are biholomorphic or anti-biholomorphic.
Proof. The flow curve of an LND is an algebraic embedding of C and hence proper. The theorem then follows from a theorem of Andrist [And11] .
Remark 3.6. For a manifold X with the density property there exists a proper holomorphic immersion C → X. If in addition dim X ≥ 3, then there exists a proper holomorphic embedding C → X (see Andrist and Wold [AW14] ) and the above theorem follows. If dim X = 2, we do not know in general, whether a proper holomorphic embedding C → X exists.
(Algebraic) density versus Algebraic overshear density -all known examples
We will go through the list of known examples of affine-algebraic manifolds with the density property and indicate for each one of them whether or not they have the algebraic density property resp. the algebraic overshear density property. As a general feature one can see that the gap between algebraic density property and algebraic overshear density property as rather narrow, but existent.
(1) A homogeneous space X = G/H where G is a linear algebraic group and H is a closed algebraic subgroup such that X is affine and whose connected components are different from C and from (C * ) n , n ≥ 1, has algebraic density property.
It is known that if H is reductive, then the space X = G/H is always affine. However there is no known group-theoretic characterization that would characterize when X is affine. The above result has a long history, it includes all examples known from the work of Andersén [DDK10] . The final result has been obtained by . C and C * do not have the density property, however the following problem is well known and seems notoriously difficult:
Open Problem: Does (C * ) n , n ≥ 2, have the density property?
It is conjectured that the answer is no, more precisely one expects that all holomorphic automorphisms of (C * ) n , n ≥ 2 preserve the form ∧ n i=1 dz i z i up to sign.
We are able to characterize those homogeneous spaces X from above which have the algebraic overshear density property.
Theorem 4.1. Let X = G/H be an affine homogeneous space of a linear algebraic group G < GL n (C) by a closed algebraic subgroup H. Then X has the algebraic overshear density property if and only if all algebraic morphisms X → C * are trivial.
Proof. Since the algebraic maps from C to C ⋆ are constant, the flow curves of an LND have to be tangent to the fibers of any algebraic morphism X → C * . This proves the necessity part. To see the sufficiency of the condition, we follow the proof of the algebraic density property for X of Kaliman • The motivating example is of course C n , n ≥ 2, where it is sufficient to take algebraic overshears of
to establish the algebraic overshear density property as it was shown by Andersén and Lempert [AL92] .
• GL n (C), n ≥ 2, has the algebraic density property, but not the algebraic overshear density property, since det : GL n (C) → C * is non-trivial.
• SL n (C), n ≥ 2, has the algebraic overshear density property.
We continue our list of all known examples for the algebraic overshear density property.
(2) The manifolds X given as a submanifold in C n+2 with coordinates u ∈ C, v ∈ C, z ∈ C n by the equation uv = p(z), where the zero fiber of the polynomial p ∈ C[C n ] is smooth (otherwise X is not smooth) have algebraic density property and thus density property. [KK08b] . We claim that all these examples have algebraic overshear density property: (a) For n = 1 this is the main result of [KL11, Section 3]. Note that for n = 1 this is also an example of a complex manifold with density property that does not admit compatible pairs (see Definition 3.2) which follows from Proposition 2.9 in [KK16] . (b) For n ≥ 2 it is an easy exercise to show that the group SAut(X) acts transitively on X and that the pairs of LNDs (θ i , θ j ), i = j form compatible pairs where
. The result now follows from Proposition 3.3.
(3) Before formulating the next result, recall that Gizatullin surfaces are by definition the normal affine surfaces on which the algebraic automorphism group acts with an open orbit whose complement is a finite set of points. By the classical result of Gizatullin they can be characterized by admitting a completion with a simple normal crossing chain of rational curves at infinity. Every Gizatullin surface admits a C-fibration with at most one singular fibre which is however not always reduced. Smooth Gizatullin surfaces which admit such a C-fibration that the singular fibre is reduced (sometimes called generalized Danielewski surfaces) have the density property. We do not know except for the case of Danielewski surfaces whether they have the algebraic overshear density property, since in the of the density property one uses LNDs pulled back by certain holomorphic (non-algebraic) automorphisms arising as flow maps of algebraic vector fields. These pullbacks are not necessarily algebraic vector fields. (4) Certain algebraic hypersurfaces in C n+3 :
where deg z 0 a ≤ 2, deg z 0 b ≤ 1 and not both degrees are zero. This class includes the Koras-Russell cubic threefold and has the density property according to Leuenberger [Leu16] . The Koras-Russell cubic {x + x 2 y + u
which is famous for being diffeomorphic to C 3 , but being not algebraically isomorphic to C 3 cannot be flexible and hence not have the algebraic overshear density property, since all LNDs necessarily fix the x-coordinate axis, see Makar-Limanov [ML96] . We do not know whether those examples of Leuenberger have algebraic density property by the same reason as in the class of examples 3 above.
Open problems
Recall that we denote the class of flexible manifolds by FLEX and the class of manifolds with the algebraic overshear density property by AOSD. For the following problem, let us moreover denote the class of manifolds with the algebraic density property by AD. We know that AD\FLEX = ∅, for e.g. C×C * is in this set, see [AFK + 13] for larger list of examples. By Proposition 3.1 we know that AD ∩ FLEX ⊆ AOSD, however we do not know whether this inclusion is strict. This motivates the following problem.
Problem 5.1.
(1) Is FLEX \ AD = ∅ among affine-algebraic manifolds?
The following problem is solved in C 2 using the "precomposition with a shear" trick mentioned in the introduction.
Problem 5.2. Let X be a complex-affine surface X with the overshear density property and let R ⊂ X be an embedded, smoothly bordered Riemann surface with finitely many boundary components. Can we make the boundary components unbounded, i.e. is there a proper holomorphic embedding of the Riemann surface into X? Definition 5.3. Let X be a complex manifold and τ ∈ Aut X. We call τ a generalized translation if for any O(X)-convex compact K X there exists an m ∈ N such that for the iterate τ m it holds that
Problem 5.4. Let X be a complex-affine manifold with the algebraic overshear density property. Does there exist a generalized translation [AW15, Def. 1.4] on X? This would imply that there exist two automorphisms that generate a dense subset of the identity component of the automorphism group Aut 1 (X).
Problem 5.5. Let X be a complex-affine manifold with the algebraic overshear density property and with dim X ≥ 3. Does there exist a compatible pair of LNDs on X?
The result of Andersén and Lempert answering the question of Rosay and Rudin mentioned in the introduction says that the group generated by overshears is meagre in Aut hol (C n ). However they use only shears and overshears from formulas (1) and (2) which we would like to call coordinate shears and coordinate overshears. Our definition is more general. If one uses all LNDs instead of only coordinate shears, the question becomes more tricky. It is for example not clear, whether the group generated by flows of all overshears for all LNDs can be generated by the overshears for a countable number of LNDs. For C 2 , the group of algebraic automorphisms can be generated by all shears along the coordinate directions, hence it is clear that the problem has a positive answer. In C 3 , the algebraic coordinate shears are not sufficient to generate the group of algebraic automorphisms by the result of Shestakov and Umirbaev. However, it is conjectured that a single algebraic automorphism of C n together with the affine group generates the algebraic automorphism group of C n (for n ≥ 4 see for example [KBYE18] Problem (3) in the last section).
If this is true, it would most likely give a solution to our next problem in case X = C n . In this context we ask the following question.
Problem 5.6. Let X be a complex-affine manifold with the algebraic overshear density property. Is the group generated by flows of holomorphic overshear vector fields meagre in Aut 1 X?
In [Kal15] Kaliman shows that an algebraic isomorphism of two affine subvarietes X, Y ⊂ C n extends to a holomorphic automorphism of C n if n > max(2 dim X, dim T X). The key ingredient in his proof is to use overshears of a suitable LND.
Problem 5.7. Let Z be an affine-algebraic manifold with the algebraic overshear density property. Let X and Y be algebraically isomorphic subvarieties of Z. Does every algebraic isomorphism X → Y extend to a holomorphic automorphism Z → Z?
